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Periodicity of base correlation in nucleotide sequence
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The correlation spectrum of a symbolic sequence is defined. The harmonic heights in the spectrum of a
nucleotide sequence are calculated rigorously. A model of coding sequences is proposed and the origin of
3-periodicity is explained. The possible occurrence of a hidden periodicity of base correlation with no peak in
the spectrum is discussd$1063-651X97)13106-3

PACS numbg(s): 87.10+e, 02.90+p

I. CORRELATION SPECTRUM 1

C(1)=1 2, Hab(7)Sav, ()
Many attempts have been made to find the informational abeA

content in DNA sequences. To investigate the correlation O\f/vhere,uab(r) is the number of base pairandb at distance

a s_ymbolic sequence, an essential proble_m is how to charaq.—abng the sequence. Whéhis large enough, the frequen-

terize the symbohc sequence byanumerlcal sequEhed.  Gijes san(7)/N may be replaced by the joint probability

We flrst.delmeate the_problem in a slightly general mannerp () (“the thermodynamic approximation” Speaking
Consider a symbolic sequence rigorously, P,,(7) is the probability that base a appears at

(1) some sitej and meanwhile baske appears at site_j&r) of _

the same sequence. Under the thermodynamic approxima-

consisting oN letters belonging to a given finite alphablet  tion, Eq.(5) is written as

For DNA sequences\={adeningA), cytosine(C), guanine

(G), and thymine(T)}. There are also other choices of the c(r)= E Pab(7)Sap - (6)
alphabetA for simplified representations of DNA sequences. abeA

For example{R,Y} for purine (R)—pyrimidine(Y) represen-
tation; {S,W} for strong bond(G,C)—weak bond(A,T) rep-
resentation{A,A}, etc. For alla, be A, we introduce the
inner productS,,=(a,b), which, with a meaning of the
measure of similarity betweea and b, can be evaluated
according to their biochemical and physical properties, o
according to practical purposes. For example,

XoXq -+ XN_1

So the correlation function is a linear combination of the
joint probabilities. In other words, the joint probabilities con-
stitute bases of the correlation function. For a given pair of
basesa andb, by settingS,,=S,,=1 and other inner prod-
cts 0, we see thatP,,(7) + Ppa(7)]/2 itself is also a cor-
relation function. On the other hand, by settiBg,.=1 and
other inner products 0, the obtainefr) is identical to that
S,p=0(a,b), for all a,beA (2)  introduced in Ref[1] where it is deduced from the sequence
{Uj} (Uj=1if x;=a, andU;=0 otherwis¢ and the inner
means the self-similarity of all bases and absolute dissimilarproduct replaced by conventional multiplication.
ity between any two different bases, wheféa,b) is the To investigate the periodicity of the correlation function
Kronecker symbol. In addition, the symmetry of the similar-we use the spectrum
ity between any two basea and b is presumed: S, N_1
=S,,. 1 2  2wkT
Based on the definition of an inner product, we define the Vik)= N 4 c(r)exy i N | (7)
correlation functiorc(7) as follows[2]:

Because of the periodic boundary condition and the symme-
try of the similarity factors, one has

c(r)=c(N—-7), V7. (8)

where, for the sake of convenience and simplicity, the perigo v(k) is real and symmetric
odic boundary condition

1 N-1
M= 2 (%% 3

V(k)=V(N—-k) Vk. 9
Xn+j=%; (j=0,1,2...N—1) (4) _
In Refs.[1-3] many resonances have been found in the cor-
is adopted. Easily shown that relation spectrum. Especially, for most coding sequences
there exists a strong resonance kdN=1/3. Though the
sharp peak at 1/3 is anticipated to be related to the nucleotide
*Electronic address: wjlee@nmg2.imu.edu.cn triplet (codon that specifies one of the 20 amino acids, but
"Mailing address. no thorough explanation has been given. The problem is
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seemingly more difficult since the base correlation in mosif N mod m=0. From Eq.(13), the following theorems can
coding sequences is of short-range propgays]. On the easily be deduced.

other hand, apart from a sharp peak at 1/3 what is the mean- Theorem 1.The sufficient condition for periodi peak

ing of the other resonances in the correlation spectrum? Imanishing in the correlation spectruvf,(N/m) of base pair
this paper we shall investigate the origin and property ofa andb for a sequence with length (N modm=0) is the

resonances in the spectrum of DNA sequence. uniform distribution of basea or b in all the m subse-

guences, namely,
II. SOME RIGOROUS RESULTS
ON HARMONIC HEIGHTS Ni™(a)=N{"(a)="---=N",(a)

Let uap(7) be the number of base paib that is sepa-
rated by distance along the sequence

NG™ (0) =N{™ (b)=---=N{"  (b). (14)
fran(T Z (X;,) (X + ,b) (10)
- Theorem 2The first three harmonic heights in the corre-
and define the correlation spectrum of base phiras lation spectrumV,,(N/m) (m=2,3,4) are

N—1 N 1
Vo= 3, e D) o 2R gy Vol 3| = 1 (N6 @)~ N )TN (0) - N ),

) ) ) if N mod 2=0; (15
The overall correlation spectrum is then written as

NUR R
V(= 3 Vap(K)Sap- vab(—)=— 32 NP (@N(b)=N(@N(b) |,
a,beA 3 2N k=0

If the sequence length is divisible by some small integer it N'mod 3=0; (16

m, then themth harmonic of the spectrum can be easily

calculated through simple counting. Suppdgenm. We [where N(a) is the total number of basa in the whole

first divide the sequence intm subsequences. Thgh sub- sequencand
sequence is L1

X¥q+mXq+am- Xg+(n-pm,  G=0,1,2...,m=1. (—) =N & [NE(@) =N @IN (D) =Ny (b)),
Denote the number of base in the kth subsequence by if N'mod 4=0. (17)

N(™(a), k=0,1,2..., m—1 - N
Theorem 3.The necessary and sufficient condition for a
n-1N- period 2 resonance peak existing in the correlation spectrum
Map(T)= E 2 O(X; ,a) 8(Xmjrq+i D) Va,(N/2) is that the nucleotides are not uniformly distributed
r mod m=g =0 1=0 in the two subsequences.
In general cases of base paib, there are no similar

= 2 E S(Xmrik,a) necessary-sufficient condition for the period other than 2.
=0 k= However, ifa=Db, which is the case that was investigated in
n—1 most literaturd 1,4,5], we have
% S(Xo b Theorem 4For the sequencfU;} (U;=0,1) with length
1'20 (40 a+:0) N (N/modn=0), the correlation spectrum &t&=N/m
m—1 n—-1 _ _
= 2 NG(D) 2 8(mr-ic,2) Nj_ 1% 2 L RSENA
B m N q=0 m g=o k+q1
m—1 .
if N mod m=0, (18)
=2 N{™(2)N{(b) (12

whereN{™=the number of 1 occurring in thkth subse-
in which for convenienceN{™(a)=N{", (a) is assumed quence.
whenk=m. According to the definition of correlation spec- ~ Theorem 5If and only if U;j=1 is not uniformly distrib-
trum, we obtain uted in the three subsequences, period 3 resonance peak ex-
ists in the correlation spectruimi(k=N/3).
Theorem 6.The necessary and sufficient condition for

N 1 m— q m—1
— (m) (m) .
Va (E) 5N Z m go [NL™ ()N, Ty (b) V(N/4)=0 for sequencgU;} (U;=0,1) is

1

q=
+N™ ()N ()], (13 NGY=NSY  and N{¥ =NV (19
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three positions of a triplet are supposedRg+« , P«;% and
P** 1, respectively, wheré denotes an arbitrary base. Since

a ! - .
3y (HUMADAM) c(7) is related to the probability of letter 1 occurring in the
. sequence we have

14 C(0)=(P1x + Py s T Pux 1)/3,
2_ ' C(1)= (P11 + P11+ Pyy 1244 )3,
b
3 (MODEL) C(Z) = ( Pl* 1t P* T lax T P** 1x1x )/3, etc. (20)

Note that in the expression of joint probability the reading

1 L//'— frame has been indicated. Through statistical analyses of
— ]

- 0 nucleic acid sequences it has been shown that the base cor-
T 4 relations in most coding sequences are of short-range nature
5] c [4,6]. So we assume that the base correlation takes place only
(CODON SHUFFLED) inside a triplet and the occurrence of a pair of bases in dif-
2] ferent triplets is independent. Then E80) can be simplified
,_' l Fh fl . l ' h I M I to
i‘ C(O):(Pl** +Py1x T Pis 1)/3,
d — -
] c(1)=(Pq1 +Py11+ P, 1P /3=c(N—-1),
3 (CODON SHUFFLED) ( ) ( 11x *11 *x 17 1xx ) ( )
] C(2)=(P1x1t Py 14 Prax TPys 1Py 14)/3=c(N-2),
1,,
nWWWWmMWWMMW c(3)=c(6)="---=c(N—-3)
° % 100 0 20 20 0 = (Pryx Pras T Pu1s P14 7 Pis 1P /3
FIG. 1. (a) is a typical example for the correlation spectrum of c(4)=c(7)=---=c(N—4)=c(5)=c(8)=---=c(N—5)
DNA coding sequences. The sequence used here, HUMADAM, is
taken from Entrez 8(0993. (b) is based on the theoretical calcu- =(Pryx Pats T Ps14 Pos 17 Pus 1P14s )13 (21)

lation by use of the proposed model, namely, from Eg2), (23),

and (25). We see thatb) has a similar shape &s). By random  We see that the periodicity does occur. By use of Egwe
rearrangement of codons in the sequence, we obtained a number @btain the spectrum

codon-shuffled sequences) and(d) are two examples of the cor-

relation spectra of these sequences, which have the same height ofV(K)=nd[c(3)—c(4)]+ R (n=N/3, 1<k<N/2).
the 1/3 resonance peaks as the original sequéce (22

ll. A MODEL OF CODING SEQUENCES Ry comes from the breaking of periodicity of correlation

function due to the short-range correlation in a codon
Figure 1 gives a typical example of the spectrum of the

coding sequence. In calculation the appropriate choice of the ~ R«=[c(0)—c(3)]+2[c(1)—c(4)]cog27k/N)

values of inner products have been made. In these calcula- _
tions, the similarity factors +2[e(2)=c(5)Jeog 4mkiN) 23

T C A G Inserting Eq.(21) into Eq. (22) one has the peak height at
k/N=1/3 proportional taN/3 and
1 1 0 7
% 1 Al‘l 1 C 0(3)_0(4)22 Pl** Pl** + P* 1*3P-k 1% + P** lP** 1
{San}= 1 1
0 z 1 3|A 2
o Pl**+P*1*+P**1 _§ (24)
i3 5 1]G 3 27

have been takef2]. We find that there is a sharp peak at (c; means the deviation of letter 1 occurring in the three
k/N=1/3. The peak is typical to most of the coding se-positions of a codonThe first term on the right-hand side of
guenceg 1-3]. The peak height can be calculated by Eq.Eg. (22) is identical to Eq(18). The latter is an exact result
(15). To study the background of the peaks more carefullyof peak height. So the error brought in the approximation of
we introduce the following model. no correlation between triplets in the model, cancelsRhe
For brevity, consider the sequenfig; jN:‘Ol written by 1 term in Eg.(22) at k=n exactly. Equation(22) gives the
and 0 at first. To answer the existence of the reading frame inorrelation spectrum the profile which is consistent with the
the coding sequence, we divide the sequence with leNgth coding sequence datéSee Fig. 1). The above discussion for
=3n into n triplets. The probabilities of 1 occurring in the sequence{Uj}jN;O1 can be generalized to the symbolic se-
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guence of several letters. The model can also be generalizedition, for V,,(N/m)#0 (m>2). To be definite, consider
to the case of the correlation occurring only in a range ofm=4. Suppose a kind of 4-periodicity with

m(#3) bases instead of codon triplet.
Ng”(2)=N"(a) NP (a)=N{"(a) (259
IV. THE HIDDEN PERIODICITY and/or

As seen from Fig. 1 there are many peaks in the correla- N (b) =N (b) = NP (b) =N (b). (25b)
tion spectrum of a nucleotide sequence. Each peak shows a 0 2 ! 3
kind of periodicity of base correlation. To find the periodic- From Eq.(17) we know that the peak is equal to zero. So the
ity is very important for understanding the meaning of the4-periodicity satisfying Eq.(25 is a hidden periodicity
sequence. However, is there any periodicity which correwhich could not be found by spectral analysis. In fact, we
sponds to no peak in the spectrum? If any, how do you findind that the hidden 4-periodicity does exist in some intron
these hidden periodicities? Far-periodicity we can break sequences as an important symméf#y In general, the hid-
the sequence intan subsequences and deduce the peaklenm-periodicity can be found through the inhomogeneous
height atN/m. [See Eq.(13).] The periodicity means the distribution of bases in them subsequences but with
inhomogenous distribution of baseor b in the m subse- Eq. (13)=0. The interference elimination of base-number
guences. But as stated in Theorem 1, the inhomogenous disemponents with differerq (=0 tom—1) is the origin of
tribution of bases is only necessary, but not a sufficient conthe spectrum peak vanishing le¢= N/m.
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